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In this paper we extend the Caratheodory existence theorem for a class ofÂ
discontinuous differential equations with right-hand sides in a special form but
with no continuity or monotonicity assumptions. A new existence result for a scalar
discontinuous differential equation is also established. Q 1999 Academic Press
1. INTRODUCTION
w . n nIt is well known that if f : 0, ‘ = R “ R is bounded and satisfies the
Ž . nCaratheodory condition, i.e., f ?, x is measurable for all x g R andÂ
Ž .f t, ? is continuous for almost all t G 0, then the Cauchy problem
wx9 t s f t , x t , a.e. in 0, ‘ ,Ž . Ž . .Ž .
x 0 s 0Ž .
w .has an absolutely continuous solution defined in 0, ‘ . Existence results
with f discontinuous in x involve usually semicontinuity or monotonicity
Ž w x.assumptions see, e.g., 3, 4, 1 . In this paper we deal with a discontinuous
differential equation of a special form. Namely, we shall consider the
system of ordinary differential equations
xX t s g t , q x t , . . . , q x t , x t s 0,Ž . Ž . Ž . Ž .Ž . Ž .Ž .1 1 11 1 1n n 1
Xx t s g t , q x t , . . . , q x t , x t s 0,Ž . Ž . Ž . Ž .Ž . Ž .Ž .2 2 21 1 2 n n 2
???
Xx t s g t , q x t , . . . , q x t , x t s 0,Ž . Ž . Ž . Ž .Ž . Ž .Ž .n n n1 1 nn n n
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where g , i s 1, . . . , n satisfy the Caratheodory condition and q , i, j sÂi i j
1, . . . , n are measurable and finite almost everywhere. Clearly, the above
function f does not need to be continuous or monotone with respect to x
in any reasonable sense.
2. AUXILIARY LEMMAS
Throughout this paper the symbol m will stand for the Lebesgue
w . w x w . n w xmeasure in R. We will write w: 0, ‘ “ a, b and g : 0, ‘ = R “ a, b
Ž . w x Ž . w xif w t g a, b and g t, y g a, b for almost all t G 0 and almost all
x g R n.
w x w xLEMMA 1. Suppose that q: 0, M “ R is measurable. If x: 0, T “
w x0, M satisfies the condition
0 F s F t F T « x t y x s G a t y s 1Ž . Ž . Ž . Ž .
with a fixed a ) 0, then the composition q( x is a measurable function.
Proof. Let us fix arbitrary a g R. Since xy1 is a Lipschitzian function
and q is measurable, the set
w x y1 y1t g 0, T : q x t ) a s x q a , ‘ 4Ž . Ž .Ž . Ž .Ž .
is measurable as well.
w x w x w xLEMMA 2. If F ; 0, M is a measurable set and x: 0, T “ 0, M
Ž .satisfies condition 1 then
1
w x w xm t g 0, T : x t f F F m 0, M R F . 4Ž . Ž .Ž .
a
1y1Proof. Since x satisfies the Lipschitz condition with constant wea
have
1
y1w x w x w xm t g 0, T : x t f F s m x 0, M R F F m 0, M R F . 4Ž . Ž . Ž .Ž . Ž .
a
w xLEMMA 3. Suppose that q: 0, M “ R is measurable and finite almost
w x w xe¤erywhere. If x : 0, T “ 0, M , k g N, is a sequence of functions satisfy-k
Ž . w x w xing 1 and con¤erging uniformly to an x: 0, T “ 0, M , then the sequence
q( x , k g N con¤erges to q( x in measure.k
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Proof. Let us fix arbitrary s , e ) 0. It follows from Luzin's theorem
w xthat there exists a compact set F ; 0, M such that
ae
w xm 0, M R F FŽ .
2
Ž .and q is continuous. Since x satisfies 1 , by Lemma 2, we obtain< F
e
w xm t g 0, T : x t f F F 4Ž .Ž .
2
and similarly, for every k g N,
e
w xm t g 0, T : x t f F F . 4Ž .Ž .k 2
< Ž . Ž . <Let us take a d ) 0 such that q j y q h F s for all j , h g F with
< < < Ž . Ž . < w xj y h F d , and fix a k g N such that x t y x t F d , for all t g 0, T0 k
< Ž Ž .. Ž Ž .. <and all k G k . For k G k we now have q x t y q x t F s in the0 0 k
set
w xE s t g 0, T : x t g F and x g F . 4Ž .k k
This completes the proof because of the inequality
w x w xm 0, T R E F m t g 0, T : x t f F 4Ž .Ž .Ž .k
w xqm t g 0, T : x t f F F e . 4Ž .Ž .k
3. EXISTENCE THEOREMS
Ž . nFor x s x , . . . , x g R we define1 n
5 5 < <x s max x .i
is1, . . . , n
w . n w xTHEOREM 4. Suppose that for i s 1, . . . , n, g : 0, ‘ = R “ a , bi i i
w xwith 0 f a , b satisfies the Caratheodory condition, and, for i, j s 1, . . . , n,Âi i
q : D “ R are measurable and finite almost e¤erywhere, wherei j i j
w0, ‘ , if a ) 0,. i
D s j s 1, . . . , n.i j ½ 5xy‘, 0 , if a - 0,Ž i
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Ž .Under the abo¤e assumptions, the Cauchy problem CP ,
xX t s g t , g x t , . . . , q x t , x t s 0,Ž . Ž . Ž . Ž .Ž . Ž .Ž .1 1 11 1 1n n 1
Xx t s g t , q x t , . . . , q x t , x t s 0,Ž . Ž . Ž . Ž .Ž . Ž .Ž .2 2 21 1 2 n n 2
???
Xx t s g t , q x t , . . . , q x t , x t s 0,Ž . Ž . Ž . Ž .Ž . Ž .Ž .n n n1 1 nn n n
w .has an absolutely continuous solution in the inter¤al 0, ‘ .
Proof. Changing the coordinate system if necessary we may assume
that
0 - a F b - ‘, i s 1, . . . , n.i i
Let us define
a s min a , b s max bi i
is1, . . . , n is1, . . . , n
and fix arbitrary T ) 0. It follows from Luzin's theorem that for every
1w x Žw x .k g N there exists a compact set F ; 0, Tb such that m 0, Tb R F Fk k k
and q is continuous, for i, j s 1, . . . , n. Involving Tietze's extensioni j < Fk Žk . w xtheorem we may extend each of q to a continuous q : 0, Tb “ R.i j < F i jk
Let us consider, for each k g N, the following Cauchy problem
X Žk . w xx t s g t , Q x t , almost everywhere in 0, T , 2Ž . Ž . Ž .Ž .Ž .k k
x t s 0,Ž .k
where
g t , QŽk . y s g t , QŽk . y , . . . , g t , QŽk . yŽ . Ž . Ž .Ž . Ž . Ž .Ž .1 1 n n
and for i s 1, . . . , n,
QŽk . y , . . . , y s qŽk . y , . . . , qŽk . y .Ž . Ž . Ž .Ž .i 1 n i1 1 in n
Ž Žk .Ž ..Since each of g ?, Q ? , k g N, satisfies the Caratheodory condition andÂ
Ž .is bounded, the problem 2 has a solution x . All functions x , k g N, arek k
Lipschitzian with constant b, so that there exists a subsequence x , i g Nk iw x nconvergent uniformly to an absolutely continuous x: 0, T “ R . In order
to make the notation simpler we assume that the sequence x , k g N isk
Ž .convergent to x. We claim that x is a solution of CP . It is enough to
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w xshow that for every t g 0, T
t tŽk .lim g s, Q x s ds s g s, Q x s s,Ž . Ž .Ž .Ž .Ž .Ž .H Hk
k“‘ 0 0
where
g t , Q y s g t , Q y , . . . , g t , Q yŽ . Ž . Ž .Ž . Ž . Ž .Ž .1 1 n n
and, for i s 1, . . . , n,
Q y , . . . , y s q y , . . . , q y .Ž . Ž . Ž .Ž .i 1 n i1 1 in n
Ž Ž ..By Lemma 1, functions Q x ? , i s 1, . . . , n, are measurable, whichi
Ž Ž Ž ...implies that g ?, Q x ? is measurable as well since g , i s 1, . . . , n,i
satisfy Caratheodory's condition. Since g is bounded, the integralÂ
t Ž Ž Ž ...H g s, Q x s ds makes sense.0
w xFor each t g 0, T and each k g N we have
t tŽk .g s, Q x s ds y g s, Q x s dsŽ . Ž .Ž .Ž .Ž .Ž .H Hk
0 0
t Žk .F g s, Q x s y g s, Q x s dsŽ . Ž .Ž . Ž .Ž .Ž .H k k
0
t
q g s, Q x s y g s, Q x s ds.Ž . Ž .Ž .Ž .Ž .Ž .H k
0
Applying Lemma 3 and taking into account the fact that g is bounded, we
obtain
t
lim g s, Q x s y g s, Q x s ds s 0.Ž . Ž .Ž .Ž .Ž .Ž .H k
k“‘ 0
We are thus going to estimate the first integral. Let us define, for
i s 1, . . . , n and k g N,
Žk . w xQ s t g 0, T : x t g F , 4Ž .0 i k
Žk . w xQ s t g 0, T : x t g F , 4Ž .i k , i k
Ž Ž . Ž .. Ž .where x t , . . . , x t s x t . By Lemma 2, we havek , 1 k , n k
1
Žk .w xm 0, T R Q F , i s 0, 1, . . . , n.Ž .i ak
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Ž Ž Ž ... Ž Žk .Ž Ž ... Žk . Žk . Žk .Since g s, Q x s s g s, Q x s , for s g Q l Q l ??? l Q ,k k 0 1 n
we have
t Žk .g s, Q x s y g s, Q x s dsŽ . Ž .Ž . Ž .Ž .Ž .H k k
0
n
Žk .F g s, Q x s y g s, Q x s dsŽ . Ž .Ž . Ž .Ž .Ž .Ý H k k
Žk .w x0, t RQiis0
n q 1 bŽ .
F “ 0.
ak k“‘
Ž . w xWe have just proved that the problem CP has a solution in 0, T .
Repeating the above procedure one can extend the solution into intervals
w x w xT , 2T , 2T , 3T , . . . and so on. Thus, the problem has a solution over the
w .whole interval 0, ‘ .
COROLLARY 5. Let for i s 1, . . . , n, h : R nq1 “ R be continuous and leti
w .w : 0, ‘ “ R and q : D “ R, j s 1, . . . , n be measurable, where D si i j i i
Ž . Ž .y‘, 0 or D s 0, ‘ . If , for e¤ery i s 1, . . . , n, almost all t G 0 andi
almost all x g D ,i
w t F M , q x F M , j s 1, . . . , nŽ . Ž .i i j
and
h w t , q x , . . . , q x g D ,Ž . Ž . Ž .Ž .i i i1 1 in n i
then the Cauchy problem
xX t s h w t , q x t , . . . , q x t , x 0 s 0,Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .1 1 1 11 1 1n n 1
Xx t s h w t , q x t , . . . , q x t , x 0 s 0,Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .2 2 2 21 1 2 n n 2
3Ž .
???
Xx t s h w t , q x t , . . . , q x t , x 0 s 0Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .n n n n1 1 nn n n
w .has an absolutely continuous solution in the inter¤al 0, ‘ .
Proof. Let us define
n q 1 times! # "
w x w xK s yM , M = ??? = yM , M
w x Ž . U nq1 w xand, for every i s 1, . . . , n, a , b s h K . Let h : R “ a , b be ai i i i i i
continuous extension of h , i s 1, . . . , n. It is easy to see that g si < K
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Ž . Ž .g , . . . , g and Q s Q , . . . , Q , where1 n 1 n
g t , x s hU w t , Q x and Q x s q x , . . . , q x ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .i i i i i i1 1 in n
i s 1, . . . , n
satisfy the assumptions of Theorem 4. It is also easy to see that each
solution of the Cauchy problem
wx9 t s g t , Q x t , almost everywhere in 0, ‘ ,Ž . Ž . .Ž .Ž .
x 0 s 0Ž .
Ž .solves 3 as well.
COROLLARY 6. Suppose that for i s 1, . . . , n,
w w xw : 0, ‘ “ a , b and q : R “ a , b , j s 1, . . . , n ,.i i0 i0 i j i j i j
are measurable and, for e¤ery i s 1, . . . , n,
n n
a ) 0 or b - 0.Ý Ýi j i j
js0 js0
Under the abo¤e assumptions, the Cauchy problem
xX t s q x t q ??? qq x t q w t , x 0 s 0,Ž . Ž . Ž . Ž . Ž .Ž . Ž .1 11 1 1n n 1 1
Xx t s q x t q ??? qq x t q w t , x 0 s 0,Ž . Ž . Ž . Ž . Ž .Ž . Ž .2 21 1 2 n n 2 2
???
Xx t s q x t q ??? qq x t q w t , x 0 s 0Ž . Ž . Ž . Ž . Ž .Ž . Ž .n n1 1 nn n n n
w .has an absolutely continuous solution in the inter¤al 0, ‘ .
Proof. Let us define, for i s 1, . . . , n and s, y , . . . , y g R,1 n
h s, y , . . . , y s s q y q ??? qyŽ .i 1 n 1 n
and
n n
M s max max a , max b .Ý Ýi j i j½ 5is1, . . . , n is1, . . . , njs0 js0
It is enough to check that functions h and q satisfy the assumptions ofi i j
Corollary 5.
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As an intermediate consequence we obtain
w . w x w . w xCOROLLARY 7. If w: 0, ‘ “ 0, b and q: 0, ‘ “ a, b , with a ) 0,0
are measurable then the Cauchy problem
wx9 t s q x t q w t , almost e¤erywhere in 0, ‘ ,Ž . Ž . Ž . .Ž .
x 0 s 0Ž .
w .has an absolutely continuous solution in the inter¤al 0, ‘ .
w xIt is noteworthy that the above result does not follow from 2, 5 .
4. FINAL REMARKS
Remark 1. We have dealt with differential equations of right-hand
sides bounded from the origin. This is rather an essential assumption. For
wx9 t s q x t q w t , a.e. in 0, ‘ ,Ž . Ž . Ž . .Ž .
x 0 s 0Ž .
with
1, x - 0q x s w t s 0, t G 0,Ž . Ž .½ 5y1, x G 0
we arrive at the standard example of the Cauchy problem without solu-
tions.
Remark 2. The assumptions of the main theorem and corollaries are
not invariant for changes of coordinates. This allows us to formulate a
w . n nmore general result. Let f : 0, ‘ = R “ R be as in Theorem 4 and F:
n n 1 Ž n. n Ž .R “ R be a C -diffeomorphism such that F R s R and F 0 s 0.
Let us define
g t , y s F9 Fy1 y f t , Fy1 y .Ž . Ž . Ž .Ž . Ž .
It is easy to see that the Cauchy problem
y9 s g t , y , y 0 s 0Ž . Ž .
Ž .has a solution y s F x , where x is a solution of the problem
x9 s f t , x , x 0 s 0.Ž . Ž .
Clearly, g does not need to satisfy the assumptions of Theorem 4.
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w xEXAMPLE 8. For any measurable q , q : R “ a, b , with a ) 0, the1 2
Cauchy problem
yX s q y y y q q y q y , y 0 s 0,Ž . Ž . Ž .1 1 1 2 2 1 2 1
yX s q y y y y q y q y , y 0 s 0Ž . Ž . Ž .2 1 1 2 2 1 2 2
has a solution
x q x x y x1 2 1 2
y , y s , ,Ž .1 2 ž /2 2
Ž .where x , x solves the problem1 2
xX s 2 q x , x 0 s 0,Ž . Ž .1 1 2 1
xX s 2 q x , x 0 s 0Ž . Ž .2 2 1 2
Ž .see Corollary 6 .
Remark 3. The assumptions of Theorem 4 do not guarantee unique-
ness even with smooth g 's. Let us look at the following example suggestedi
Ž w x.by the referee see also Example 2 of 4 . Define
1, if x F 0,¡
1 1
1, if - x F , n g N,2 n 2 ny1~ 2 2q x sŽ .
1 1
y1, if - x F , n g N.¢ 2 nq1 2 n2 2
2 w xLet g : R “ 1, 2 be a smooth function such that
2, if u¤ s y1,g u , ¤ sŽ . ½ 1, if u¤ s 1.
The Cauchy problem
xX s 1, x 0 s 0,Ž .1 1
xX s g q x , q x , x 0 s 0Ž . Ž . Ž .Ž .2 1 2 2
Ž . Ž .has at least two different solutions, t, t and t, 2 t .
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